An analytical exact study for the quantum Rabi models with two identical qubits is performed by extended coherent states. Concise transcendental functions with only one variable responsible for the exact solutions have been derived. The structure of spectrum is clearly identified and analyzed. The necessary and sufficient condition for the occurrence of the isolated exceptional solutions is analytically obtained. These exceptional solutions are essentially different from the Juddian solutions with doubly degenerate eigenvalues in the one-qubit quantum Rabi model.
I. INTRODUCTION
Quantum Rabi model (QRM) describes a two-level atom (qubit) coupled to the electromagnetic mode of a cavity (oscillator) [1] , which is a simplest paradigm matter-light interaction. It can be applied in many fields in modern physics ranging from quantum optics, quantum information science to condensed matter physics. Its solution is however highly nontrivial. Recently Braak presented an analytically exact solution [2] to the one-photon QRM, in the representation of bosonic creation and annihilation operators in the Bargmann space [3] of analytical functions in a complex variable. A so-called G function with single variable (energy) was derived, which could give exact eigensolutions. Later, within extended coherent states (ECS) method, this G function can be recovered in an alternative simpler and more physical way by two of the present authors and collaborators [4] .
Recently, two-qubits QRM [5] has also attracted a lot of attentions, such as two identical qubits QRM [6] and two inequivalent qubits QRM [7, 8] . Most simply, the two qubits are identical and equally coupling to the common cavity. But seems that the single variable G function in the most simple case has not been obtained so far, to the best of our knowledge.
Previously, Travěnec [9] has extended Bargmann's representation to solve the two-photon QRM, but the concise single variable G-function was not given. To our understanding, the single variable G function has not been given in Refs. [7, 8] even reduced to two identical qubits. Without single variable G function, it may be difficult to give a simple and clear description of the spectrum and derive the condition for the occurrence of the exceptional solutions. In the practical sense, it is also not convenient to obtain the eigensolutions by zeros of more than one highly nonlinear function with more than one variables. In our opinion, single variable G function is very useful to analyze the structure of the spectrum and real time dynamics. So such a concise G function should be highly called for.
We have derived a single variable G function for the two-photon QRM [4] within ECS approach. So in one-qubit case, no matter with one or two photons, a single variable G function really exists. Are there single variable G functions for qubit-cavity coupling system with more than one qubits? such as two identical qubit QRM. In this work, within ECS, we successfully derive it. More over, some isolated exact solution and the necessary and sufficient condition for its occurrence like Juddian solutions [10] are also presented analytically.
II. SINGLE VARIABLE G FUNCTION
The Hamiltonian of the QRM with two identical qubits, which is actually N = 2 Dicke model [11] , can be describe as follows
where ∆ is the energy splitting of the two-level system (qubit), d † creates one photon in the common single-mode cavity with frequency ω, λ describes the atom-cavity coupling strength, and
where σ
x,z (i = 1, 2) is the Pauli operator of the i−th qubit, J is the usual angular momentum operator, J + and J − are the angular raising and lowing operators and obey the SU(2) 
The solution in the space of j = 1 eigenstate is highly nontrivial, and has been a subject of recent interest [6] [7] [8] . We attempt to seek the analytically exact solutions as simple as we can.
A transformed Hamiltonian with a rotation around an y axis by an angle π 2 in the matrix form can be written as ( in units ofh = ω = 1)
Previously, we have proposed a numerically exact approach for arbitrary N Dicke model [12] . The wave function is expressed in terms of the basis {|ϕ m b |j, m } where photonic state is given by
where
N tr is the truncated bosonic number in the Fock space of the new operator A †
the coefficient c m,k can be determined through the exact Lanczos diagonalization. In those work, we have solved the Dicke model for more than one thousand atoms numerically and the universality of the continuous quantum phase transitions is characterized without ambiguity.
Interestingly, the similar or same ansatz for the wavefunction like (3) have been used in many recent works in the relevant Dicke or Dick like model.
In this paper, we study the N = 2 Dicke model (equivalently two identical qubits QRM)
with similar ansatz of the wavefunctions analytically. Note that the diagonal elements in the above matrix can be changed into free particle number operators by the shift of the photonic operator with displacements g, 0, −g. To employ our previous ECS approach [12, 13] , we perform the following two Bogoliubov transformations with finite displacement
In Bogoliubov operators A(B), the matrix element H 11 (H 33 ) can be reduced to the free particle number operators A † A (B † B) plus a constant, which is very helpful for the further study.
First, in terms of operator A, the Hamiltonian can be written as
The wavefunction is then proposed as
where u n , v n ,and f n are the expansion coefficients, |n A is just called extended coherent state with the following properties
where the vacuum state |0 A in Bogoliubov operators A is well-defined as the eigenstate of one-photon annihilation operator d, and known as pure coherent state [15] .
The Schr ..
Left multiplying A m| gives a set of equations
Similarly, by the second operator B, we can have the Hamiltonian as
The wavefunction can be also suggested in terms of B as
Proceed as before, we have
From Eqs. (10) and (13) , we can set (u ′ , v ′ , w ′ ) = r ′ (u, v, w), because they satisfy the same equation. If both wave functions (7) and (12) are true eigenfunctions for a nondegenerate eigenstate with eigenvalue E, they should be proportional with each other, so with a complex constant r, we can write
Left multiplying A n| and with the use of
Eliminating the ratio constant r gives (
, then we define a G−function as
where ∓ is corresponding to even(odd) parity.
To this end, we can not define the G function by one coefficient determined through a linear three-term recurrence relation. To remedy this problem, we will borrow the help of the third representation of the wavefunction.
Without transformation, the wave function can be expanded in the Fock states, as in the one-qubit QRM [14] with a common feature of the conservation of parity
where ± stands for even (odd) parity. We then can get a set of equations
which gives a linear three-term recurrence relation
Set a 0 = 1, we can get coefficients a m through E recursivley. And b m is related to a m one by one as
Note that b 2k+1 = 0 for even parity, and b 2k = 0 for odd parity. Now, with the coefficients a m , we can obtain all coefficients u m , v m and w m with only one variable E. If both wave functions (7) and (16) are true eigenfunctions for a nondegenerate eigenstate with eigenvalue E, they should be in principle only different by a complex constant
Left multiplying A 0| will give the n = 0 coefficients
where the use has been made of
Note that r ′ and e −g 2 /2 are omitted if we are only interested in the zeros of the G-function.
Then all coefficients for n ≥ 1 for coefficients of u n (E), v n (E) and w n (E) can be derived recursively
Inserting these coefficients to Eq. (15) finally yields the single variable G function G ± (x) where x = E + g 2 . For any x, the coefficients u n (x), v n (x), and w n (x) can be expressed with one coefficients a k determined in Eq. ( 17) . In this sense, this G function is a transcendental function well defined mathematically in a controlled way. The solutions to the model can be given based on these simple G function with only one variable.
III. SOLUTIONS AND DISCUSSIONS
First we plot the G(x) curves in Fig. 1 for g = 0.6, ∆ = 0.5. The zeros of the G function
give the eigenenergies exactly. In this way, we can obtain the energy levels exactly as a function of coupling constant g for given qubit splitting ∆ = 0.5, which are displayed in Fig.   2 .
It is to note that the G(x) diverges at E = n − g 2 , similar to that in one-qubit counterpart [2] . It follows that isolated exact solutions may also exist. Besides, it also diverges at E = n, which is precisely the trivial eigenvalue in the subspace |j = 0, m = 0 .
This kind of divergence is however absent in the one-qubit QRM.
In the one-qubit QRM, Koc et al [16] have obtained isolated exact solutions, which are just the Juddian solutions [10] with doubly degenerate eigenvalues. These analytical solution at some isolated point can be regarded as benchmark to test various approximate approach developed for the whole parameter space. In the context of G function, these isolated eigenvalues are not given by the zeros of the G functions, and so called exceptional solutions [2] . In the two photon QRM, theses isolated exact solutions [17] can be easily derived on the basis of our single variable G function [4] . In the scheme of ECS, we know that these degenerate eigenstates are naturally excluded from the zeros of G function on the basis of proportionality.
With these G-functions at hand in the two-qubit QRM, we can also derived the isolated By Eq. (19), we have the lift condition satisfied by the parameters as
where 
is determined through Eqs. (17) and (18) with even and odd parity. For the same ∆, the numerator v m is parity dependent, therefore usually g
m , in sharp contrast with one-qubit QRM with both one photon [2] and two photons [4] , where the numerator is parity independent.
By the condition (26) of the exceptional solution, we can obtain g (±) m at E = m − g 2 immediately without any information of the G function. The position of the isolated solutions are also collected in Fig. 2 . Very interestingly, they are just the crossing points of E = m − g 2 curves and corresponding energy levels E ± (g).
To show the characteristics of the G function at these isolated points, in Fig. 3 , we plot G(x) with E = 2 − g 2 for ∆ = 0.5 at the obtained g
m=2 . It is clearly demonstrated that the pole at x = 2 is removed due to the vanishing numerator, but G ± (x = 2) = 0, so x = 2 is a solution but exceptional.
These exceptional solutions are not the degenerate eigenvalues, different from those in the one-qubit QRM. At the same x = m, the pole of G − (x) at g (+)
m for odd parity remains, although the pole of G + (x) is lift, and vice versa, as also shown in Fig. 3 around x = 2. However, G + (x) must be zero at g
m without degeneracy, if the eigenstate is described in Eq. (7). So we have to say that the wavefunction can not be described in the expansion of the displaced operator A = d + g like Eq. (7) at these isolated points, i..e. the isolated filled circles in Fig. 2 . This kind of singularity is just originated from the artificial effect by introducing the new operator with displacement g.
In the one-qubit QRM, the exceptional eigenvalue for both even and odd parity occur at the same model parameters [2, 4] . In this case, the doubly degenerate eigenstate can be still well described in terms of the new operator with displacement ±g like Eq. (7), because G ± (x) = 0 is not necessary due to the lacking of the proportionality of the two wavefunction in doubly degenerate state. We believe this is the essential difference between one-and two-qubit QRMs. The Juddian solutions with doubly degenerate eigenvalues are therefore absent in the more then one-qubit QRMs.
To this end, we notice that the eigenstates in the two-qubit QRM can be exactly described in both Bargmann space and ECS scheme in strictly mathematical sense except at some isolated model parameters. We believe it is the origin of quasi-integrability. In contrast, the one-qubit QRM with both one photon and two photons can be exactly described by the both Bargmann space and ECS scheme in the whole parameter space, and is thus integrable.
The other divergence occurs at E = m in the G function, as shown in Fig. 1 , which is precisely the eigenvalue of the spin singlet state |n = |0, 0 |n ph , known to be isolated from the nontrivial states in j = 1 subspace. In the description of the G function in the j = 1 subspace, they are not isolated solutions.
In the recursive relation in the representation of the photonic Fock space Eqs. (17) and (18), we can notice that the coefficient divergence for even m in the even parity and odd m in the odd parity, which can be clearly shown in the G function in Fig. 1 .
Whether the pole at E = m can be lift with a special model parameter, so that E = m is an exceptional solution? we will derive the condition for vanishing numerator a m in
, diverges at E = 0 for even parity, and for m = 1,
, diverges at E = 1 for odd parity. So at E = 0, 1, G(x) always divergence for any model parameters, the exceptional solution absolutely do not exist.
For m = 2, b m usually diverges at E = 2 for even parity as
is the necessary and sufficient condition for the occurrence of the exceptional eigenvalue.
It requires ∆ ≥ 2, which seems to be beyond standard value. But anyway, theoretically, exceptional solution for E = 2 exist in our G function. In principle, for m ≥ 2, we do have the possibility that E = m is corresponding the exceptional solutions, probably not in the present experimentally accessible regime.. 
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